If ϑ is a strict E 0 -semigroup on some B a (E), then Skeide [Ske02, Ske04] and Muhly, Skeide and Solel [MSS04] associate with ϑ a product system of correspondences. We say the E 0 -semigroup is spatial, if the associated product system is spatial in the sense of Skeide [Ske01b]. The main goal of these notes is to establish the following theorem that just restates the title of these notes in a more specific form. Further terminology used in the theorem will be discussed after the notes and the example. 
If ϑ is a strict E 0 -semigroup on some B a (E), then Skeide [Ske02, Ske04] and Muhly, Skeide and
Solel [MSS04] associate with ϑ a product system of correspondences. We say the E 0 -semigroup is spatial, if the associated product system is spatial in the sense of Skeide [Ske01b] . The main goal of these notes is to establish the following theorem that just restates the title of these notes in a more specific form. Further terminology used in the theorem will be discussed after the notes and the example. 2.) Following the lines of Skeide [Ske03] it is easy to show that the unitary semigroup w reflects the continuity properties of the E 0 -semigroup ϑ. But we do not have enough space to include the proof of such technicalities here.
Main theorem. Suppose that E + is a Hilbert module over a (unital) C
3.) Unfortunately, for Hilbert modules the condition that
is not automatic, if the the left action of B on E − fails to be faithful.
Example. The usual time-shift endomorphism (CCR-flow) on the symmetric Fock space Γ(L 2 (R + , K)) may be understood as the restriction of of the unitarily implemented time-shift
The same is true for time-ordered Fock modules [BS00] , the module analogue of the symmetric Fock space. Now we explain in detail the terms used in the theorem. The semigroup with identity T is 
where by ⊙ t we indicate that the tensor product is that of E * + ⊙ ϑ t E + = E t . Product system and E 0 -semigroup are related by the family u = u t t∈T of unitaries u t :
This implies necessarily that B is unital. (As observed in Bhat and Skeide [BS00] the definition of the inner product in internal tensor products implies that the mappings T t := ξ t , •ξ t form a CP-semigroup on B. Without the condition on ξ 0 , the mapping T 0 could never be the identity. See also the discussion of nonunital B in Skeide [Ske04] .) According to [Ske01b] a product system is spatial if it admits a central unital unit
Here central means that bω t = ω t b for all t ∈ T, b ∈ B, and unital means that ω t , ω t = 1 for all t ∈ T. Spatiality of the product system of ϑ implies that E + is full. Of course,
Remark. For B unital and E + full one may show that spatiality of the E 0 -semigroup ϑ is equivalent to existence of a semigroup v = v t t∈T of intertwining isometries 
We will also show a supplement to the main theorem regarding weak dilations in the sense of [BS00] . The pair (E + , ϑ) is a weak dilation of a (necessarily unital) CP-semigroup, if there exists a unit vector ξ + ∈ E + (unit vector means that ξ, ξ = 1) such that the projection p 0 :=
In this case T t (b) := ξ + , ϑ t (ξ + bξ * + )ξ + , indeed, defines a unital CP-semigroup T and ϑ , clearly, is a dilation of T (under the embedding b → ξ + bξ * + ). Also, it is not difficult to check that under these circumstances E ⊙ has a unital unit 
We note that ( 
Units and inductive limits
As a motivation for the construction of E − we repeat an inductive limit construction from [BS00] that reverses in some sense the construction of the product system E ⊙ from ϑ in the case when (E + , ϑ) is weak dilation.
So let E ⊙ be a product system and ξ ⊙ a unital unit for
defines an isometry in B a (E t , E s+t ). The family E t t∈T together with the family of embeddings ξ s ⊙ id E t forms an inductive system of Hilbert B-modules (not of correspondences!) and the completion of the algebraic inductive limit is Hilbert B-module which we denote by E ∞ .
The factorization E s ⊙ E t = E s+t (we surpress the mappings u st ) survives the inductive limit and gives rise to a factorization E ∞ ⊙ E t = E ∞ fulfilling the associativity condition (
As ξ s ⊙ ξ t = ξ s+t , the unit vector ξ t ∈ E t , when embedded into E s+t , coincides with ξ s+t .
Therefore, E ∞ contains a distinguished unit vector ξ ∞ , the inductive limit of all the ξ t , and (E ∞ , ϑ, ξ ∞ ) is a weak dilation of the CP-semigroup T t = ξ t , •ξ t .
Remark.
If (E + , ϑ, ξ + ) is a weak dilation and if E ⊙ and ξ ⊙ are product system and unit associated with that dilation, then E ∞ is identified naturally as the submodule t∈T ϑ t (p 0 )E + of E + . The dilation is primary, if E + = E ∞ . In this case also ϑ = ϑ and ξ + = ξ ∞ .
Proof of the main theorem and its supplement
Already in Skeide [Ske01a] we noted that in the case of a central unital unit ω ⊙ the preceding inductive limit can be performed into the other direction, that is, using embeddings id E t ⊙ω s rather than ω s ⊙ id E t . Indeed, in the identification E t = B a (B, E t ) (B is unital!), the mapping ω t : b → ω t b is actually bilinear and, therefore, can be amplificated as a right factor in a tensor product.
The embeddings E t → E s+t we obtain in that way are, indeed, bilinear so that we obtain an inductive limit E − which is a bimodule, that is, a correpondence over B. We have now a family of bilinear unitaries u
Now we can put together u t and u − t to form a unitary w t on E + ⊙ E − . We define
What w t does is simply
Thinking of u t as identification E + ⊙ E t = E + , as we did in many papers, and of u − t as identification E t ⊙ E − = E − , then w t is just rebracketting
Clearly, the w t define a semigroup. And for every a ∈ B a (E + ), as (a
This proves the main theorem.
The assertions of the supplement follow simply from the preceding calculation by observing
Remark
We note further that the main theorem for the case where E + = E ∞ for the central unital unit ω ⊙ has been considered in [Ske01a] . Here we have the generalization where we assume neither that ϑ is a dilation of the trivial semigroup (as in [Ske01a] ) nor of any other CP-semigroup. 
An open problem

